SUPER-EXPONENTIAL DECAY OF DIFFRACTION MANAGED 

SOLITONS 



DIRK HUNDERTMARK AND YOUNG- RAN LEE 

Abstract. This is the second part of a series of papers where we develop rigor- 
ous decay estimates for breather solutions of an averaged version of the non-linear 
Schrodinger equation. In this part we study the diffraction managed discrete non- 
linear Schrodinger equation, an equation which describes coupled waveguide arrays 
with periodic diffraction management geometries. We show that, for vanishing 
average diffraction, all solutions of the non-linear and non-local diffraction man- 
agement equation decay super-exponentially. As a byproduct of our method, we 
also have a simple proof of existence of diffraction managed solitons in the case of 
vanishing average diffraction. 



1. Introduction 

Solitons, localized coherent structures resulting from a balance of non- linear and 
dispersive effects, have been the focus of an intense research activity over the last 
decades, see [351 [37]. Besides solitons in the continuum, discrete solitons have emerged 
in such diverse areas as solid states physics, some biological systems, Bose-Einstein 
condensation, and in discrete non- linear optics, e.g., optical waveguide arrays, O [9l 
[3T| [32| [38] . The model describing this range of phenomena is given by the discrete 
non-linear Schrodinger equation 

d 

i^u{x) + d{^){Au){x) + \u{x)\'^u{x) = (1.1) 

where for waveguide arrays ^ is the distance along the waveguide, x G Z the location 
of the array element, A the discrete Laplacian given by (A/)(x) = f{x -|- 1) -|- /(x — 
1) — 2/(x) for all x G Z, and (i(^) the total diffraction along the waveguide. 

Nearly a decade after their theoretical prediction in [7J, discrete solitons in an 
optical waveguide array were studied experimentally and, as in the continuous case 
localized stable non-linear waves where found [10]. Similar to the continuous case, 
i.e, non-linear fiber-optics, where the dispersion management technique introduced 
by [23] in 1980 turned out to be enormously successful in creating stable low power 
pulses by periodically varying the dispersion along the glass-fiber cable, see [U [Ml 
[13 [la [HI [221 [281 [IS [291 [to] and the survey article [39], the diffraction management 
technique was proposed much more recently in [11] in order to create low power stable 
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discrete pulses by periodically varying the diffraction in discrete optical waveguide 
arrays. In this case, the total diffraction d{S,) along the waveguide is given by 

d{0 = e~^d{ae)+da,. (1.2) 

Here dav > is the average component of the diffraction and d its mean zero part. 
Note that unlike in the continuum case, the diffraction management technique uses 
the geometry of the waveguide to achieve a periodically varying diffraction, see |11] . 

In the region of strong diffraction management e is a small positive parameter. 
Rescaling t = ^/e, (jl.ip is equivalent to 

d ~ 

i—u + d(t)Au + e(4vAn + \u\^u) = . (1.3) 
at 

For small e an average equation which describes the slow evolution of solutions of 
(jl.3p was derived and numerical studies showed that this average equation possesses 
stable solutions which evolve nearly periodically when used as initial data in the 
diffraction managed non-linear discrete Schrodinger equation, [2l[3l[l]. Normalizing 
the period in the fast variable t to one, the average equation for the slow part v of 
solutions of (jl.3p is given by 

d 

i—v + eds,yAv + eQ{v,v,v)=0 (1.4) 
ot 

where 

Q{vi,V2,V3):= [ T;^[T,viT^2TsV^]ds (1.5) 
Jo 

with Tg := e*-^(*)^ and D{s) = Jq d{^) d^ the solution operator for the free discrete 
Schrodinger equation with periodically varying diffraction 

d 

i—v = -d{t)Av. (1.6) 

One should keep in mind that the variable t denotes the distance along the waveguide. 
Physically it makes sense to assume that the diffraction profile d is bounded, or even 
piecewise constant along the waveguide. This assumption was made in [271 [301 
For our results we need only to assume that its integral D is bounded over one period 
in the fast variable t. 



sup \D{t)\= sup [ d{^)d^ < oo, (1.7) 



te[o,i] iG[o,i] 

where we normalized, without loss of generality, the period in t to one. 

Using the same general method as in the continuum case, see, e.g., [l3], the av- 
eraged equation (jl.4p was derived in [11 [3l H] , where it was expressed in the Fourier 
space. The above formulation is from [27', '30]. Note that the non-linear and non-local 
equation (|1.4p has an associated (averaged) Hamiltonian given by 

H{v) := e{^{v, -Av) - ^Q{v, v, v, v)) (1.8) 
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with {g,f) := Ylx£z9i^)fi^) usual scalar product on /^(Z), which, in our con- 
vention, is linear in the second component and anti-linear in the first and 

Q{VI,V2,V3,V4):= [ V {TsVl){x){TsV2){x){TsV3){x){TsV4)ix) ds. (1.9) 

Following the procedure for the continuous case in J43j, it was shown in [27j that 
over long scales < t < Ce~^ solutions of the non-autonomous equation (11. 3p stay 
e-close to solutions of the autonomous average equation (jl.4p with the same initial 
condition. Thus it is interesting to find stationary solutions of ()1.4p . which are 
precisely the right initial conditions leading to breather-like nearly periodic solutions 
of (fL3|) on long scales < t < Ce~^. Making the ansatz v{t,x) = e*^'^*/!^;) in (fLill 
one arrives at the non-linear and non-local eigenvalue problem 

-a;/ = -davA/-Q(/,/,/). (1.10) 

Solutions of this equation can be found by minimizing the Hamiltonian H in (jl.Sp 
over functions / S /^(Z) with a fixed P-novm. The problem of constructing such 
minimizers for positive average diffraction tiav > has been studied in [271 130] using 
a discrete version of Lions' concentration compactness method [U]. Moreover, using 
by now classical arguments, see, [HI |l2] or [6], it was noticed in [271 [30] that these 
minimizers are so-called orhitally stable, explaining at least in part the strong stability 
properties of diffraction management. 

Similar as in the continuous case, see [19], proving existence of minimizers for 
vanishing average dispersion, dav = 0, i.e., existence of weak solutions / E ^^(Z) of 

tof = Q{f,f,f) (1.11) 

is much harder and has only recently been established in [3l] using Ekeland's vari- 
ational principle, [121 113j . Moreover, it was shown in [3l], that the corresponding 
minimizer is decaying faster than polynomial, which again yields the orbital stability 
of solutions of ()1.4p for dav = and initial conditions close to a minimizer. 

In this paper we continue our study of regularity properties of the dispersion man- 
agement technique initiated in [16] and study the decay properties of diffraction 
management solitons for vanishing average dispersion, i.e., weak solutions of (II. lip . 
Our main result is a significant strengthening of the super-polynomial decay result 
for diffraction managed solitons in [34j . 

Theorem 1.1 (Super-exponential decay). Assume that the diffraction profile obeys 
(jl.7p . Then any weak solution f E ?^(Z) of (jl.lip decays faster than any exponential. 
More precisely, with c = 1 + ln(8r), 

\fix)\ < e-3(l-l+i)(l°((l-l+i)/2)--) for all x E Z. 

Remarks 1.2. (i) In particular, for any < ;U < 1/4 Theorem 11.11 vields the bound 

l/(2;)| < i\x\ + l)-'^(l^l+i) for all x£Z. 

(ii) The bound given in Theorem 11.11 rigorously justifies the theoretical and experi- 
mental conclusion of [llj, that the diffraction management technique leads to optical 
soliton like pulses along a waveguide array which are extremely well-localized along 
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the array elements. 

(iii) The super-exponential decay given in Theorem 11.11 is in stark contrast to the 
continuous case where one has, so far, only super-polynomial bounds on the decay of 
dispersion management solitons, see [T6]. It is believed that the decay in the contin- 
uous case is exponential, see [25j for convincing but non-rigorous arguments. 

(iv) Weak solutions of (11.1111 are defined as 

u^{9j) = {9,Qif,fJ)) (1.12) 

for any g E /^(Z). Recalling the definition ()1.9p for the four- linear functional Q, a 
short calculation gives 

(/l,Q(/2,/3,/4)) = Q(/l,/2,/3,/4) (1.13) 

for any fj £ ^^(Z), j = 1, 2, 3, 4. Thus / is a weak solutions of (jl.lip if and only if 

^(5,/) = Q(5, /,/,/) (1.14) 

for all g G 1^{Z). 

(v) One easily sees that Q(/, /, /, /) > as soon as / is not the zero function. Thus 
LO = Q{f, /, /, f)/{f, /) > for any non-zero solution of p.ll|) . 

Our second result is a simple proof of existence of weak solutions of (jl.lip under 
the weak condition (jl.7p on the diffraction profile. 

Theorem 1.3. Assume that the diffraction profile obeys (|1.7p . Let A > 0. There is 
an f e with \\f\\2 = A such that 

Qif, f, f, f) = Px ■■= sup { Q{g, g,g,g)\ge /^(Z), \\gg = A} . 

This maximizer f is also a weak solution of the diffraction management equation 
(jl.lip where lo > is a suitable Lagrange-multiplier. 

Remark 1.4. The existence of a maximizer is non-trivial, even for the corresponding 
problem with d^v > 0, since the equation (II. lip , respectively ()1.10p . is invariant under 
translations and so is the corresponding energy functional H given by (jl.Sp . Thus 
maximizing sequences for Q, respectively minimizing sequences for H, can very easily 
converge to zero weakly. This was overcome using Lions' concentration compactness 
principle in |27l [30] for positive average diffraction and, for vanishing average dis- 
persion, in [34] using Ekeland's variational principle [121 [I3l |17] , assuming that the 
diffraction profile is piecewise constant. Besides holding under much more general 
conditions, our proof is rather direct and, we believe, simple. We show that modulo 
translations any maximizing sequence has a strongly convergent subsequence, i.e., 
there is a sequence of shifts such that the shifted sequence, which by the translation 
invar iance of the problem is also a maximizing sequence, has a strongly convergent 
subsequence. Our proof avoids the use of the concentration compactness principle but 
relies instead on a discrete version of multi-linear Strichartz estimates, see Corollary 
[231 and Lemma [Ol 

Our paper is organized as follows: In the next section we fix our notation and 
develop our basic technical estimates, the discrete versions of bilinear and multi- 
linear Strichartz estimates from Lemmata 12.71 and 12.81 and Corollary 12.91 All results 
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in Section [2] are valid in arbitrary dimension d > 1. The proof of Theorem 11.11 is 
given in Section [3l see Theorem 13.21 and Corollary 13.31 Similar to our study of decay 
properties of dispersion managed solitons in [16], the main tool in the proof of our 
super-exponential decay Theorem 11.11 is the self-consistency bound from Proposition 
13. li on the tail distribution of weak solutions of the diffraction management equation 
(jl.lip . Our existence proof for diffraction management solitons is given in Section 
m It relies heavily on Lemma 14.41 which follows from the enhanced multi-linear 
estimates of Corollary 12.91 and a simple characterization of strong convergence in 
/^(Z), or more generally, strong convergence in P(Z'^) for 1 < p < oo, given in 
Lemma 14.11 

2. Basic estimates 

In this section we consider Z"' for arbitrary dimension d > 1. First we introduce 
some notation. By N we denote the natural numbers and No = N U {0}. Given 
n G No, we denote n\ the factorial, 0! = 1 and (n -|- 1)! = (n + l)n!. The integers 
are denoted by Z and Z'^ is the d-fold Euclidian product of Z. P{'L'^) is the usual 
sequence space with norm 

ll/llp=(E 1/(^)1')'^' forl<p<oo (2.1) 

and 

||/||oo= sup|/(x)|. (2.2) 

Of course, for p = 2 we get the Hilbert space of square summable sequences indexed 
by Z'^. In this case we use 

:= Y.J{x)9{x) (2.3) 

for the scalar product on /^(Z'^). Here z is the complex conjugate of a complex number 
z. The real and imaginary parts of a complex number are given by Re(2:) = ^{z + 'z) 
and Im(2:) = ^(z — z). Note that in our convention the scalar product given by ()2.3p 
is linear in the second argument and anti- linear in the first. The discrete Laplacian 
on is given by 

A/(x)= ^ f{x + u)-2df{x) (2.4) 

\u\=l 

where we take \x\ = Yl'j=i l-^jl norm on Z*^. Since A is a bounded symmetric 

operator, e**^ is the unitary solution operator of the free discrete Schrodinger equation 

idtu = -An (2.5) 

on /2(Z'^); for any / € PiZ'^) the function u{t,x) = (e**^/)(x) solves 1^ and 
u{0, •) = /. Note that e**^is unitary, in particular, ||e^*^/||2 = Wfh for all / G P{Z'^). 
For a diffraction profile d we set D{t) = jQd{^)d^ and Tt := e*-^(*)^. Thus for any 
initial condition / G P{Z'^) the function u{t, •) = Ttf solves 



idfU = —d{t)Au 



(2.6) 
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with initial condition u{0, •) = /• Again, Tf is a unitary operator on 
For a function / : Z'^ — C, its support is given by the set 

supp(/) -{x&l^: f{x)^Q}. 

For arbitrary AdU^ and x G Z'^ the distance from x to A is given by 

dist(a;, A) := mi{\x - y\ : y e A) 

and for subsets A,Bc'Z'^ their distance is given by 

dist(^,B) := inf(dist(a;,S) : x e A) = inf(|x - y\ : x e A,y e B). 

For any operator T : — /^(Z"^) we denote its kernel by 

{x\T\y) := {5,,T5y) (2.7) 



where 5y is the Kronecker (5-function 



8y{x) :-- 

In particular, 



1 if a; = 
iix^ 



Tf{x)=^{x\T\y)f{y). 

y^TA 

We use the < notation in inequalities, if it is convenient not to specify any constants 
in the bounds: for two real-valued functions h defined on the same domain, g "^h 
means that there exists a non-negative constant C such that g{x) < Ch{x) for all x. 

The extension of the non-linear and non-local functional Q to t^lTJ^) is again de- 
noted by Q, 

Q(/i, /2, /3, U) = /' E (rt/i) (x) {Ttf2) {x) (Tth) (x) {TtU) (x) dt. (2.8) 

The first problem is to show that Q is well-defined on Due to the next lemma 

this turns out to be easier than in the continuous case. 

Lemma 2.1. Letl<p<q<oo. Then, F{U^) C Z«(Z'^) and 

11/11. < II/IIp- (2.9) 

Proof. Clearly ||/||oo < for all / G F{Z'^) and all 1 < p < oo. 
Let < s < 1. Then for all non-negative sequences {an)neZ'ii 

( E < E <■ (2-10) 

This follows from 

(ai -I- 02)^ * (ai + 02)^ * oi a2 
and induction. Now let 1 < p < < 00 and / G P{'L'^). Then with s = p/q, 



^=Ei/Hi''^(Ei/Hi')' 
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where we used ()2.10p . This finishes the proof of p.9p . ■ 
Corollary 2.2. For any fj £ f'{'L'^), j = 1, . . . ,4, we have 

|Q(/l,/2,/3,/4)| < / 5] n|ri/,(x)|dt<n||/,||2 (2.11) 

Proof. Of course, the first inequahty is just the triangle inequality. By Holder's 
inequality followed by Lemma |2. II 

4 4 4 4 

E n ^ n < n w^^f^^ = n n/iH^ 

xezdj=i j=i i=i j=i 

where we also used that Tt is unitary on /^(Z*^). Thus (j2.1ip follows by integrating 
this over t on [0, 1]. | 

Remark 2.3. The bound from Corollary 12.21 justifies the ad-hoc formal calculation 

(/,Q(/l,/2,/3)) = Q(/,/l,/2,/3) (2.12) 

for ah G with 

Q(/i, /2, /a) := T,-^ [TthWiTth] dt. (2.13) 
JO 

In particular, this shows that Q{fi, f2, fs) £ whenever G 1'^{1J^), and Q 

defined in ()2.13p is a bounded three linear map from (/^(Z*^))^ to I'^ilA). This is in 
contrast to the continuous case, where it is bounded only for d = 1, 2, [161 l33l H3] . 

Lemma 2.4. For the kernel of the free time evolution e**^ the hound 

sup |(x|e**^|y)| <min(l,e^'^"-^^^^t^) (2.14) 
tehr.r] \x-y\\ 

holds for all x, y G Z"^ and < r < 00. 

Proof. The operator A is given by A/(x) = Yl,\y-x\=i fiu) ~ '^df{x) and, using, for 
example, the discrete Fourier transform, one sees that < —A < 4d and ||A|| = 4d. 
Now, by symmetry of A, e**^ is unitary, hence one always has |(x|e**^|y)| < 1 for any 
X, y G Z"' and all t. Since A is bounded, the Taylor series for the exponential yields 
a strongly converging series for e**^. Thus 

{x\e^'%) = f2^^{x\A-\y)= ^(-|A"|y> 

n=0 ' n=\x—y\ 

since (x|A"|y) 7^ if and only if x and y are connected by a path of length at most 
n, i.e., |x — y| < n. In particular, using ||A|| = 4(i, 



n! ^ (|x -y\ + ly. 

n=\x-y\ 1=0 ^' y\ ' J 
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^ (4d|t|)l-^l {Ad\t\y ^ (4d|t|)l--^l ^4,1,1 ^ 
~ |x — yl! II \x — v\\ 

■ 

Lemma 2.5. Lei s G N. For the free time- evolution e'*'^ generated by A t/ie bound 
2^ sup |(x|e |y)| < -T-2 (2.15) 

I 1^ ie[-T,rl l-'-J 
y: \x-y\>s ^ ' 

holds, where the implicit constant depends only on the dimension d and r. 

Proof. The number of points y £ 'L'^ with \y\ = \yj\ = can be estimated by 

2d^d-i with Lemma 12.41 we have 



(s!)2 ^max(s,l)^ ("0^ 



1 1 



1^2 



s!)2 ' (n!) 

^ n=0 ^ ^ 

where we also used {n + s)\ > nisi. Thus the inequahty ()2.15p holds with constant 

c = e^^^2'^ E:r=o(i + ^r-'^ <oo. ■ 

Remark 2.6. Estimating the number of points y S Z*^ with \y\ = n by is, of 

course, a gross over-counting. A tighter estimate can be given as follows: Counting 
the number of different integers Xj > with Yl'j=i = n is equal to distributing 
d — 1 separators on n + d — 1 places, i.e, 

d 



Since we have 2 choices for the sign, except when some coordinates are zero, we get 
the better bound 

My € : E = n} < 2''(" ; n = + i) 

_ ,, n,t!(i+j7n) 2-^(1+.) 

(d-i)! " - {d-iy. 

for some small e > when n is large. For our purpose, the rough estimate is 
good enough. 

In the formulation of the next lemma we need some more notation. For any r S M 

let 

\r~\ := min(z G Z : r < z) (2-16) 



SUPER-EXPONENTIAL DECAY OF DIFFRACTION MANAGED SOLITONS 9 
the smallest integer greater than or equal to r. 

Lemma 2.7 (Strong Bilinear bound). There exists a constant C depending only on 
the dimension d and r such that for /i, /2 G f'{'L'^) and s = dist(supp (/i), supp (/2)) 

sup ||(e**^/i)(e**^/2)||2 <mm(l,C \ )||/i||2||/2||2 • 

te[-T.T] \s/2.\\ 

(2.17) 

Proof. First of all, note that 

||(e^*^/i)(e^*^/2)||i = |e^*^/i(^)ne^*^/2(x)P < ||e^*^/i||Ll|e^*^/2||i. 

Hence, using Lemma |2. II and the unicity of e**^ on /^(Z*^), we see 

||(e^*'^/i)(e**^/2)i < ||e**^/i||i||e^*^/2i = ||/i||i||/2||i (2.18) 

uniformly in t. Now assume that |t| < r. Let Ij = supp(/j), j = 1,2 and assume, 
without loss of generality that s = dist(/i,/2) > 1. Moreover we need the slightly 
enlarged sets 

I'l := {x : dist(x,Ii) < dist(x,/2) — 1}, 
I2 ■= {x : dist(x,/i) > dist(x,/2)}. 

Note that Ij C Ij, j = 1,2, and I2 = Z'^ \ I[. The triangle inequality gives 

,=dist(/„/,)<dist(.,/,)+dist(.,/.)< { ' '^^U 

so, since the distance is always an integer, we have 

min(dist(/(,/2),dist(/2,Ii)) > [5/2]. (2.19) 
Certainly, since I[ U I2 = I^'^ , 

||(e'*^/i)(e^*^/2)i = Yl \e''''fiixWf2ixr + ^ WP|e^*^/2 WP- 

(2.20) 

Because of 

e'''^f,ix) = Yi^\e^'%)fM^ 

the Cauchy-Schwarz inequality implies 

|e^*^/,(x)p<||/,.||2^|(x|e^*^|y)p. 
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Together with ()2.19p and the bound from Lemma 12.41 this yields 



sup Yl \e''''fi{x)W''^f2{x)\' 



< sup ^|e^*^/i(x)|2||/2||isup^K:E|e^*^|y)|2 

< sup ^ |e**^/i(x)|2||/2||2 sup Yl K^|e**^ly)l' 



(2.21) 



<ll/illill/2lli 



max([s/2],l)'^-i(4dr)2r«/2l 



An identical argument gives 

V- I itAf ( ^|2| itAf ( ^|2 < n . ||2||. ,,2 max( [^72] , (4dT)^r«/2l 

sup > e /i a; e /2 a;) < /i 2 72 2 /onn2 • 

(2.22) 

The bounds ()2.2ip and (j2.22p together with (I2.20p finish the proof of the Lemma. | 

Lemma 2.8. For j E {1,2,3,4} let fj G For any choice j,k E {1,2,3,4} let 

s = dist(supp (/fc), supp (/;)). Then 



max([s/2],l)'='-i(4(iT)r^/2l ^ 



where the implicit constant depends only on the dimension d and r. 

Proof. Follows using Cauchy-Schwarz together with Corollary 12 . 21 and Lemma [2.71 ■ 

Corollary 2.9. Let the diffraction profile obey the bound ()1.7p . Then with c = 
1 + In^Sdr) we have 

4 

|Q(/l,/2,/3,/4)| < e-^(l-«-)/2+(<^-l)Wmax(sAl)) "Q y.y (2.24) 

where s = dist(supp (/fc), supp (//)) for any choice j,k £ {1,2,3,4} and the implicit 
constant depends only on the dimension d and r from (|1.7p . 

Remark 2.10. Since for any < 5 < 1/2, 

g-s(lns 

the bound ()2.24p implies 

4 

|S(/l,/2,/3,/4)| <S-'^n 11^^112 (2-25) 

for all < 5 < 1/2, where the implicit constant depends only on d, 5, and r. 
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Proof. Since ()1.7|) holds, there exists < t < oo such that < r for all < t < 1. 

Thus, since Tt = e^-°(*)^, 

1 4 4 

iQ(/i,/2,/3,/4)i < / y2T\\iTtmx)\dt< V sup r\\iTtf,)ix)\ 

4 

and the bound from Lemma 12.81 implies 

|Q(/i, j2,/3, J4)| < p^y^yj iill/jlb • (2.26) 

An easy proof by induction shows n\ > e"^°"~". Hence, using \s/2] > s/2, 

max([s/2], l)°'~^(4dr)^^/^ ^ -s/21n(s/2)+s/21n(4dr)+s/2+(d-l) ln(max(s/2,l)) 



\s/2V. 



g-sln(s)/2+cs/2+((i-l) ln(max(s/2,l)) 



where c = 1 + ln(8(ir). This proves the bound (j2.24p . 

3. SeLF-CONSISTENCY BOUND AND SUPER-EXPONENTIAL DECAY 



As in the continuous case, see [16], the key idea is not to focus on the solution / 
directly, but to study its tail distribution defined, for n G No, by 

«W:=( E (3.1) 

\x\>n 

The fundamental a-priori estimate for the tail distribution of weak solutions / of 
p. lip is given by the following 

Proposition 3.1 (Self-consistency bound). Let f be a weak solution ofujf = Q{f, f, /). 
Then with c = 1 + ln(8T), where r is from the bound (11. 7p on the diffraction profile, 

a(2n) < a{nf + e~'^n+mn(n+i)-c)/2 _ (3_2) 
In particular, for any < 5 < 1/2 the bound 

a(2n) < a{nf + (n + l)-^("+i) (3.3) 
holds. In (|3.2p and (|3.3p the implicit constants depend only on iv, 6, \\f\\2, O'^d r. 
Proof. Since / is a weak solution of ujf = Q{f, f, /), we have, by definition, 
i^{9j) = Q{9j,f,f) for all 5 G /'(Z). 

Since 

a(2n) = sup I (5,/) I 

supp (g)c(— oo,— 2n]U[2n,oo) 
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we need to estimate Q{g,f,f\f) for g G ^^(Z) with \\g\\2 = 1 and supp (g) C 
(— oo, — 2n] U [2n,oo). Let In = {—n + l,...n — 1}, its complement and split 
/ into its low and high parts, f = + with /< = fxi„ and /> = /x/^. Using 
the multi- linearity of Q, 

Q{g, f, f, f) = Q{g, f<,f, f) + Qig, f>,f, f) 

= Q{g, f<J,f) + Q{g,f>J<J) + Q{g, f>J>J<) + Q{gJ>J>J>)- 

(3.4) 

The last term is estimated by 

\Q{gJ>J>J>)\<\\gh\\f>\\l = a{nf. 



For the first three terms in (13. 4p we note that each of them contains one /<. Since 
s := dist(supp ((7), supp (/<)) is at least n + 1, the enhanced multi-linear estimate 
()2.24p from Corollary 12.91 applies and gives, since d = 1, for the first term 

|Q(5,/<,/,/)l<e-^(i'^^-^)/2||5||2||/<||2||/||i. 

Similar bounds hold for the second and third terms. Collecting terms and using 
s > n + 1, we see 

a{2n) < uj-^ (ainf + e-("+i){in(n+i)-c)/2 ^^(q^s ^ „(o)2„(^) + a{^)a(nf)^ 

< a{nf + e-("+i){i'^{"+i)--)/2 

since a is a bounded decreasing function. This proves (j3.2p . Note that the implicit 
constant depends only on w, r, and a(0) = ||/||2- To prove (13. 3p one either argues as 
above, but uses (12:251) instead of I^M), or simply notes that e-("+i)(''i("+i)-=)/2 < 
(n + for any < 5 < 1/2. ■ 

Theorem 3.2 (Super-exponential decay). Let a be a decreasing non-negative func- 
tion which obeys the self- consistency bound ()3.2p of Proposition \3.1\ and decays to 
zero at infinity. Then the bound 

a(n) < e * 2 ) 

holds for all n G No- Here one can choose c = l-|-ln(8r), with r from the bound ()1.7p 
on the diffraction profile. 

Corollary 3.3 (= Theorem II. ip . For any weak solution ofuf = Q{f,f,f) and any 
< < ^ the bound 

1/(^)1 <e"^H^)-^) (3.5) 

holds for all x G Z. 

Proof. Given Theorem 13.21 this follows immediately from |/(x)| < a(|x|). | 

It remains to prove Theorem l3.21 This is done in two steps. The first is a reduction 
of the full super-exponential decay to a slower but still super-exponential decay. 
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Lemma 3.4. Let a be a non-negative decreasing function which obeys the self- 
consistency bound p.2p . Then the bounds 

a{n) < e-^0°(^)-^) (3.6) 

and 

a(n) < (n + l)-^°("+i) (3.7) 
for some /ig > are equivalent. 

Proof. Of course, the bound (j3.6p implies (|3.7p for all < /^o < 1/4. To prove the 
converse we will show that if a{n) ^ (n + l)^^'("+i) for some fi > and if 3/x < 1/2 
one can boost the decay to 

a(n) < (n + l)-t'^("+i). (g^g) 

Assume this for the moment and assume that ()3.7p holds for some > 0. Let /q G Nq 
such that 3(5/4)'o-Vo < 1/2 < 3(5/4)'o/xo. We can iterate ([33]) exactly Iq times to 
see 

a(n) < (n+l)-(5/^)'"^«("+i). (3.9) 
Plugging the estimate (j3.9p into the self-consistency bound (j3.2p yields 

a(2n) < (n + l)-3(5/4)'o^o(n+l) _^ g-(n+l)(ln(n+l)-c)/2 < g-(n+l)(ln(n+l)~c)/2 

since 3(5/4)'" ^uq > 1/2, by assumption. Thus for even n we have the bound 

a{n) < e-(t+i)(i-(f = e-^(i'^(^)-^) (3.10) 

and, by monotonicity of a, for odd n the bound ()3.10p yields 

Q(n)<a(n-l)<e-'^(''^('^)-^). (3.11) 

The bounds (fXTIl and (f3TT]l together show that (US]) holds. 

It remains to prove the boost in decay given in (13. 9p . If a(n) ^ (ra + 1)~^'("+^) and 
3/i < 1/2, the self-consistency bound (j3.2p gives 

a(2n) < (n + 1)-3m("+i) + e-'(^+i)iHn+i)-c)/2 < + i)-3M{n+i) 

as long as 3^ < 1/2. Thus, as before, for even n one gets 

a(n) < (!i+^)-iMn+2) < ^ 2)-(|--)(«+2) < (^ + (3.12) 

for any e > 0. For odd n the monotonicity of a and (j3.12p give 

a(n) < a{n - 1) < (n + l)-(|-^)('^+i) (3.13) 
for any e > 0. The bounds (|3.12p and (|3.13p together show 

a(n) < (n+l)-(t-^)("+i) (3.14) 
for all n G No and ah e > 0. Choosing e = 1/4 yields (|3.8p . | 



Given Lemma 13.41 in order to prove the super-exponential decay of a given in 
Theorem 13. 2| it is enough to show that a{n) ^ (ra + l)~^'o("+^) for some arbitrarily 
small ^0 > 0. This is the content of the next proposition 
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Proposition 3.5. Assume that a is a non-negative decreasing function which obeys 
the self- consistency bound (13. 2p and goes to zero at infinity. Then there exists /io > 
such that 

ain) < (n + 

For the proof of Proposition 13.51 we need some more notation. Given n G No let 

\ _ / ('^ + 2)""^^ if n is even , , 

\ (n + if n is odd ^'^'^^^ 

and, for e >0, its regularized version 

F(r)) 1 
F,{n) := ^ [ , = — — . (3.16) 

^ ^ l + eF{n) F(n)-i+e ^ ^ 



Finally, for > let 
Furthermore let 



F^,,(n) := F,(n)^ = (F(n)-i + e)-^ (3.17) 



||a|U,e,fe := sup F^,e(n) I a(n) I . (3.18) 

Of course, the super-exponential decay given in Proposition 13.51 is equivalent to show- 
ing 

||"IUo,o,b < oo for some /xq > and some b G Nq. 
Since ||a||^,o,fe = supo<j<x see Lemma [3.6.vil below, it is enough to find an 

e-independent bound on which is where the second self-consistency bound 

of Proposition [3?T] enters. First we gather some basic properties of -F^^e needed in the 
proof of Proposition 13.51 

Lemma 3.6. (i) For any e > the function n F^in) is increasing in n and, for 
fixed n, decreasing in e > 0. Moreover, Fir{n) < e^^ for all n. 

(ii) For any /x, e > the function n i^^^e(n) is increasing and bounded by e~^. 
Moreover, F^^e(n) is decreasing in e >0 and depends continuously on the parameters 
jj, and £ for fixed n G No . 

(iii) For any < /x < 5/3, the function Nq 9 n ^ F^fi{2n){n -\- l)-'^("+^) is 
decreasing. 

(iv) The bound 

F^,e(2n) < 4F^,e(n)3 (3.19) 
holds for all < fj,, £ < 1 and n G Nq. 

(v) For fixed 6 G Nq and an arbitrary bounded function a the map (/x, e) i— > ||a||/^,e,6 
is continuous on [0,1] x (0,1]. 

(vi) For fixed < fj,, & G No, and an arbitrary bounded function a, 

||a|U,o,b = lim ll«IU,e,6 = sup ||a||;^,£,6. 

e^O 0<£<1 

Remark 3.7. The last part of the lemma shows that for fixed < ;U < 1 and 6 G No 
the map e i— > ||a||^.e,6 is continuous on [0, 1]. Here we interpret continuity in a gener- 
alized sense: One certainly has ||a||^,e,f, < ||a||oo/e < oo for ah e > 0. If || 
then limg^o ||"IU,£,b = ||"IU,o,fe, and if ||a||/^,o,fe = oo, then lime^o ||a||/^,£,6 = oo. 



SUPER-EXPONENTIAL DECAY OF DIFFRACTION MANAGED SOLITONS 15 

We postpone the proof of Lemma 13.61 after the proof of Proposition 13.51 

Proof of Proposition \3.5[ We assume that a decays monotonically to zero and obeys 
the second self-consistency bound given in Proposition [331 That is, for fixed < 5 < 
1/2 there exists a constant Co such that 

a(2n) < Coa{nf + Co{n + (3.20) 
Multiply this by X[b,oo)j the characteristic function of the set [6, oo), using 

X[b,oc){'n) = X[b,oo)(2n) - X[6,2fe)(2n), (3.21) 
putting Ob = X[b,oo)Oij s-iid rearranging terms yields 

ab{2n) < CoMnf + Co(n + l)^^("+^)x[b,oo)(n) + X[6,26)(2n)a(2n). (3.22) 

Now let fj, < 6/3. Multiplying (j3.22p by F^^e(2n), using the bound (|3.19|) from Lemma 
13.61 on the first term on the right hand side of (I3.22|) and F^^e(2n) < Ffj^fi(2n) from 
Lemma l3.6.iil on the other two, assuming 6 > 0, we get 

F^,,(2n)ab(2n) < Ci (F^,,(n)ab(n))' + Co^^^=^^^j^^X[6,oo)(n) 
+ Ffi,o{'^^)X[b,2b)(2n)a{2n) 
< {F,,,{n)ab{n)f + Co (^^^ff i) + i^.,o(26)a(6) ^^'^^^ 



< Ci||aii3 



For the second inequality we used that a and, by Lemma [3.6.iiil F^^o(2n)(n+l)^^^"^^^ 
are decreasing and that F^fi{2n) is increasing in n. In the third inequality, we used 
the obvious bound 

F^,,e{n)ab{n) < ||a||;,,e,fe for all n £ Nq. 

by the definition (j3.18p for ||a||^,£,b. 

The punchline is that, since F^^e(2n) = F^^e(2n + 1) by construction of the 
monotonicity of a gives 

sup F^^s{n)a{n) = sup F^,£(2n)afe(2n) (3.24) 

n>b neNo 

whenever b is an even natural number. So, since (|3.23|) holds for any re E No, taking 
the supremum over re in (j3.23p yields 

\\a\\,,s,b < C,\\a\\ls,b + ^M'^b) ( ^^^^Vi) + "(^0 ^^-2^) 

which is a closed inequality for ||a||^^£^b and holds as long as b is even and < /x < 6/3 
and 0<e<lor/i = and < e < 1. 

Equivalently, with G{u) := u — Civ^ defined for i/ > 0, we arrived at the a-priori 
bound 

G{\\a\\^,e,b) < F^,o{2b) {Coib + 1)-'^'+'^ + a(6)) . (3.26) 
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A simple exercise shows that the nicixiniiini of G is citta-iiiGci at z^max — 

IS 

given by Gmax = G(z^max) = 2/(3V3CT). Let < Go < Gmax and < f o < i^max < vi 
with G(i'o) = G{vi) = Gq. Since G(z^) < for > 0, we have G^vq) < uq. Moreover, 

G-i((-cx),Go]) = [0,i/o]U[z.i,oo). (3.27) 

This situation is visuahzed in Figure [TJ Now we finish the proof of the decay estimate: 



"-^max 
Go 



Figure 1. Graph of G(z^) = — Civ^ and the trapping region G ^ ((— oo, Gq]) . 

we need to show that ||a||^,o,f) is finite for some fi > and 5 £ Nq. Note that by Lemma 
13.6. vl the map (^,e) ^ ||o||^,e,6 is continuous in (/x, e) G [0, 1] x (0, 1], and, by Lemma 
13.6. vil for fixed < /x < 1 ||a||^^o,fe = lime^o ||cK|lAt,£,6- So it will be enough to find, for 
some /U > and 6 G No, a uniform in < e < 1 estimate for ||a||^,£,b. This is where 
the bound (j3.26p will enter. 

Step 1: Choose an even b such that Go(6 + + a{b) < Gq < Gmax- This 

is possible since a goes to zero at infinity. Since a is monotone decreasing, it also 
guarantees ||a||o,i,fe = sup^gpjg ai,{n) = a{b) < Gq < z^o- 

Step 2: For the b fixed in Step 1, let < ^uo < S/3 such that F^o,o(26)(Go(6 + 
-|^^-5(fe+i) < Gq < Gmax and ||a||^(),i,fe < I'o- This is possible since Fo_o(26) = 1 

and F^fl{2b) and ||a||^,i,fe are continuous in < /i < (5/3. 
Putting things together, (13.260 gives 

G(||a||^o,e,6) < Go for all < e < L (3.28) 

Since G is continuous and ||a||;io,£,6 depends continuously on e > 0, the bound (j3.28p 
shows that ||a||^o,e,fe is trapped in the same connected component of G~^((— oo, Gq]) 
as ||a||^Q^i^fe for all < e < 1. Thus, using < ||a||;x(,,i,fe < z^o and p.27p . we must 
have 

l|a|Uo,e,f) < z'o for all < e < 1. (3.29) 
Together with ||a||;iQ,o,fe = lime^o ||o|Uo,e,bi the bound (13.29P shows ||a||^p^o,6 < z^o < 
oo which proves the estimate 

a{n) < z^oF(n)-^o 
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for all large n. This finished our proof of Proposition 13? 

It remains to prove the properties of F^^^, given in Lemma [37 

Proof of Lemma \3M The function F is clearly increasing in n and since s ^ s/ (1+es) 
is increasing in s > for fixed e > 0, we see that F^ and hence also F^^g, is increasing 
in n. The other claims in part (i) and (ii) of Lemma 13.61 are obvious. 

(iii): With A = ^ - 1 > 1/2, we have 

F^,o(2n)(n + = (2(n + (n + ij^-^C^+i) = r2"+i(n + 

Hence 



2/x 



F^,o(2(n + l))(n + 2)-^("+^) 
F^,o(2n)(n + l)-'5("+i) 



(n + 2)^ 



1 + 



1 



n + 1 



(n+l) 



2/x 



Since the sequence (1 + ;^)" is increasing, one has (1 + ;^)" > 2 and 



1 \n+l 
1+1^ 

F^,o(2(n + l))(n + 2)-'5("+2) 



< 



(n + 2)^' 



2/i 



F/,,o(2n)(n + l)-'5("+i) 

so the function F^^Q(2n)(n + is decreasing on Nq. 

(iv): Put 

F^{2n) {F{ny^ + ef 



< 2 



(l-2A)2/i 



< 1 



/(n,e) := 



We claim that 



F(2n)-i +e ' 
4, 



(3.30) 
(3.31) 



sup f{n,e 

neNo,0<e<l 

which obviously yields Ff,{2n) < AF^{n)'^ and 

F^,,(2n) < 4^F^,,(n)3 < 4F^,,(n)3 for all < ^ < 1. 

So in order to prove p.l9p it is enough to show that ()3.3ip holds. The partial 
derivative of / with respect to e is given by 

dl _ {F{n)-^+ef 
'de ~ (F(2n)-i + e)2 

In the case 3F(2n)~^ — F{n)~^ > one has ^ > for all e > and the case 
3F(2n)-i - F(n)-^ < one has |^ < as long as < e < (F(n)-i - 3F(2n)-^)/2 
and II > for e > (F(n)"^ - 3F(2n)"^)/2. Altogether, as a function of e, f{n,e) 
is either increasing on [0, oo) or it has a single minimum and no maximum in (0, oo). 
Hence, for fixed n G No, its maximum in e G [0, 1] is attained at the boundary, 

sup /(n, e) = max( sup /(n, 0), sup /(n, 1)). (3.32) 

neNo,0<£<l ngNo nGNo 



■[3F(2n)-^ -F(n)-^ + 2e]. 



Since Fi(n) = F(n)/(1 + F{n)) = (1 + F{n 



.-r\-i 



and F{n) > 4 for all n £ No, 



f{n,l) 



F(2n) 



Fi{2n) ^ 

Fi(n)3 1 + F(2n) 



1 + F(n) 



-1x3 



< 



5\3 



< 2 



(3.33) 
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and using (n + 1)"+^ < F{n) < (n + 2)"+^ one sees 

fin 0) - ^ < (^(- + ^))'^"" - r^V" < 4 (3 34) 

Fin)3- (n+l)3(-+i) "Vn + iy ^ ^ ^ 

for all n G No. Putting ([332]), ([333]), and ([3:34]) together and noticing /(1,0) =4 
yields dOTD . 

(v): Continuity of ||a||^,e,6 in (/x,e) G [0,1] x (0,1]: First note that the triangle 
inequality implies 

I II'^IImi II 

n>b 



< \\a\\oo sup 

neNo 



< ||a||oo sup 

0<x<l/4 



F(n)-i+ei)"'^^ - (F(n)^i+e2) 

+ ei)~'^^-(x + e2)"^' (3.35) 



since 4 < F{n) for all n G Nq. Let h{x,fi,e) := {x + e)^'*. For any < e' < 1, /i is 
continuous on the compact set [0, 1/4] x [0, 1] x [e' , 1] and hence uniformly continuous. 
Thus for any r] > there exists 5 > such that for {xj,fij,ej) G [0, 1] x [0, 1] x [e', 1], 
j = 1, 2 with |xi -X2I, l/ii -fJ.2\, |ei -^21 < S we have \h{xi, ni, ei) - h{x2, fJ,2, £2)\ < V- 
In particular, 

sup \h{x, /Ui, ei) - h{x, £2)1 < V 

0<x<l/4 

which, together with (j3.35p . shows that (/i,e) ^ ||«||^,e,b is uniformly continuous on 
any compact subset of [0, 1] x (0, 1], hence continuous on [0, 1] x (0, 1]. 
(vi): Fix /i > 0. Recall that ||a||^,e.6 is decreasing in e. Thus 
lim ||a||^,e,fe = sup ||a||^,e,6 = sup sup F^,£(n)|a(n)| 

0<e<l 0<£<ln>b 

= sup sup F^_e(n)|a(n)| = supF^,o(ra)|"(n)| = ||a||^,o,b 

n>b 0<£<1 n>b 



which finishes the proof of Lemma 13.61 ■ 

4. Existence of Diffraction managed solitons for zero average 

diffraction 

Here we want to give a simple proof of existence of diffraction managed solitons, i.e., 
weak solutions of (jl.lip . via the direct method from the calculus of variations. This 
hinges on the fact that the diffraction management equation is the Euler-Lagrange 
equation for the functional 

</'(/) :=Q(/, /,/,/) (4.1) 
on ^^(Z). The corresponding constraint maximization problem is given by 

Pa = sup((^(/): /g/2(Z),||/||2 = A) (4.2) 

where A > 0. Up to some minor technical details it is clear that any maximizer / of 
the variational problem (|4.2p . that is, any / G with H/lH = A and 

QifJJ,f) = Px (4.3) 
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is by the Lagrange multiplier theorem a weak solution of the diffraction management 
equation ()l.lip . 

The usual way to show existence of a maximizer is to identify it as the limit of a suit- 
able maximizing sequence, i.e., a sequence {fn)n with H/nlll = ™d lim^^oo ¥'(/n) = 
P\. Such a sequence always exists, the problem, due to the translation invariance of 
the time evolution Tt = e*^(*)^, is that the functional (p is invariant under translation; 
if /„ is a maximizing sequence for (|4.2p and any sequence in Z, then the shifted 
sequence 

fn,^nix) ■■= fn{x - ^n) 

is also a maximizing sequence. That is, the problem ()4.2p is invariant under shifts, 
yielding a loss of compactness since maximizing sequences can very easily converge 
weakly to zero. The usual way to overcome this is the use of Lions' concentration 
compactness method [24] which, for positive average dispersion has been used in [27^ 
130] . For vanishing average diffraction, and under much more restrictive conditions on 
the diffraction profile than (jl.7p . the existence of a maximizer of ()4.2p has been shown 
in [M] with the help of Ekeland's variational principle, [El [13], see also [T7]. We will 
give a different approach, which avoids the use of Lions' concentration compactness 
method or Ekeland's variational principle by using the translation invariance of the 
problem to show that for any maximizing sequence /„ there exists a sequence of 
shifts ^„ such that the shifted sequence fn,(„ is tight in the sense of (j4.4p below. 
Then, since /n,g„ is bounded in ^^(Z), it has a weakly convergent and hence, by the 
compactness Lemma |4 . II b elow . also a strongly convergent subsequence. The limit of 
this subsequence is then a natural candidate for the maximizer of (j4.2p , see Theorem 
K7\ 

In the following, we will always assume that the diffraction profile obeys the bound 
p.7p . Our main tools are the multi-linear bound from Corollarv l2.9l and the following 
simple compactness result. 

Lemma 4.1. Let 1 < p < oo. A sequence {fn)neN C F{'L'^) is strongly converging to 
f in P{'L'^) if and only if it is weakly convergent to f and the sequence is tight, i.e., 

lim limsup y \fn{xW = 0- (4.4) 

L^oo n-^oo 

\x\>L 

Proof. For L > 1, let Kl be the operator of multiplication with the characteristic 
function of [-L, if n Z"', that is, 



KLfix) 



f{x) for |x| < L 
for \x\ > L 



and Kl := 1 — K^. Note that both Kl is an operator with finite dimensional range. 
In particular, for any 1 < L < oo, Kl : P(Z'^) — > P{'L'^) is a compact operator. 
Furthermore, both Kl and Kl are bounded operators with operator norm one since 

I = WKLfWl + WKLfr, > [max II^^l/IIp)]" 
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for all / G F{'L'^) and K^^ respectively Ki, acts as the identity on its range. Moreover, 
the tightness-condition (14. 4p is equivalent to 

lim limsup ||^l/„||p = 0. (4.5) 

L-+00 n^oo 

Now assume that fn converges strongly to / in P(Z'^). Then it clearly converges also 
weakly to / and 

WKlUp < WKLfWp + WKUfn - f)\\p < WKLfWp + Wfn " fWp- 

Thus, by strong convergence of /„ to /, 

limsup ||Kl/„||p < \\KLf\\p ■ 

n— >oo 

Since / G P{Z,'^) and p < oo, we have lim2,_+oo II-^^l/Hp = 0, so the sequence /„ is 
tight. 

For the converse assume that fn converges to / weakly in F['L'^) and is tight, that is, 
(145]) holds. Then 

11/ - fnWp < \\KlU - fn)\\p + WlU - fn)\\p < \\KlU " fn)\\p + H^^l/Hp + WKlIuWp ■ 

Since is a compact operator on L^, it maps weakly convergent sequences into 
strongly converging sequences. Hence 

limsup 11/ - fnWp < WKl/Wp + limsup \\KLfn\\p 

?i— >oo n— >oo 

Now using / G IP{Z'^) and the condit ion (j4.5p , take the limit L — > oo in this inequality 
to get 

limsup 11/ - fnWp < 0. 

n— >oo 

Thus fn converges to / strongly in ■ 

Remark 4.2. The proof above breaks down for p = oo, since for an arbitrary / G 
one does not, in general, have 

hm ii:^l/i|oo = 0. 

iy— ►oo 

However, for the closed subspace l'^{'L'^) C 1°°{Z'^) consisting of bounded sequences 
indexed by Z'^ vanishing at infinity, limj;_^oo /(a;) = for any / G /°°(Z'^), the 
above proof immediately generalizes and yields the analogous compactness statement: 
(/n)neN converges strongly in /g°(Z°') if and only if it converges weakly and 

lim limsup sup |/n(a;)| = 0. 

L^oo n^cx, \x\>L 

In the next Lemma we gather some simple bounds for the non-linear functional (p 
and the associated constraint maximization problem (14. 2p . 

Lemma 4.3. For any A > one has < Px < 1 and the scaling property Px = PiX^ 
holds. In particular, for any f G /^(Z) the bound 

^if) < PiWfWl 

holds. 
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Proof. Since ip{f) = Q{f,fJJ) = /J \\Ttf\\idt we obviously have Pa > M > 0. 
With Corollary 12.2^ we see P\ < 1- By scaling, replacing / with f = f / \/A, one gets 

QifJJJ) = >^^QifJJJ) 

and taking the supremum over / with H/Hl = A we see Pa = PiA^. If Pi = then 
= Q(/, /,/,/) = /o Il^t/ll4^^* for all / e P{Z) with ||/||2 = 1. Thus, for almost 
every t G [0, 1] one would have Ttf{x) = for all x G Z. Hence / = in contradiction 
to II/II2 = 1. Thus Pi > 0. ■ 



The next lemma is key in our proof that maximizing sequences have strongly 
convergent subsequences modulo translations. Its proof is inspired by the proof of 
Lemma 2.3 in |20]. 

Lemma 4.4. Assume that the diffraction profile obeys the bound (jl.7p . Then there 
is a constant C such that if f G I'^iZ), < H/Hl and a,b G Z, a < b with 

5^|/(x)P>y and ^|/(x)p>^, (4.6) 

x<a x>b 



then 



m < PiiWfWl - e'/2) + (4.7) 



((6- a + 1)1/2 _ 1) 



Proof. The number of points in [a, 6] H Z is given by b — a + 1. Choose / G N such 
that 

I <{b-a + l)^/^ <l + l (4.8) 

and let / be a subinterval of {a, a + 1, . . . , 6} consisting of consecutive points. By 
pigeonholing, there must be a subset Iq = {a' , . . . ,b'} C I consisting of / consecutive 
points with 

E \f(-)\" < (4-9) 

We split / into three parts, /_i := /|(_oo,a')' h ■= f\{b',oo), and /o := /I/q. Then 
/ = /-I + /o + /i, ll/lli = ll/-i|li + ll/olli + ll/illi, and m and m give 



ll/-ii>f, ll/i|li>y, and II/0II2 < (4.10) 
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Using the multi-linearity of Q, 
Q{fJ,f,f)= E QifnJj2JnJH) 

j,G{-l,0,l} 
«=!,.. .,4 

iie{-i,i} j,e{_i,o,i} 

i=l,...,4 1=1,.. .,4 

some j;';=0 

= Q(/_i , /_i , /_i , /_i ) + Q(/i , /i , /i , /i ) 

i;6{-i,i} jie{-i,o,i} 

3fc,i:jfc=-l,j,=l ;=!,.. .,4 

some J;=0 

(4.11) 

Lemma 14.31 shows 

Q(/_i,/_i,/_i,/_i) + Q(/i,/i,/i,/i) = V^(/_i)+V?(/i) <Pi(||/_i||^ + ||/i||^) 

(4.12) 

and, utilizing that the supports of /_i and fi have distance at least Z + 1 > 2, the 
enhanced multi-linear bound ()2.25p with the choice 5 = 1/4 gives 



E /i2) /is' /j4)| ~ (•/ I ll-^ll^ ^ 



Ji6{-l,l} 
3fc,Z:jfc=-lji=l 



(/ + l)^('+i)""'' - ^/I ■ (4.13) 



Also, 

E \QifnJnJnJH)\< E nil4ll2<^ (4.14) 
iiG{-i,o,i} jie{-i,o,i}^=i ^ 

i=l,...,4 i=l,...,4 

some J; =0 some ji=Q 

by the a-priori-bound on Q given in Corollary 12.21 and (14.10p since each term in the 
above sum contains at least one factor ||/o||2- Thus (|4.1ip together with (I4.12[) . (I4.13p . 
and (|4.14p gives 

^if) = QifJJJ) < + WfiWl) + ^ll/ll! (4.15) 

for some constant C. Since ||/_i||2, H/ilH > £^/2 and II/-1II2 + II/1II2 ^ WfWh ^Sive 

\\f-i\\l + \\h\\l< WfWl - 2||/-i||ill/i||i < 11/11^ - e'/2. 
Together with ([321) the bound ([iT5]) yields (f^ . ■ 

Lemma 4.5. Assume that the diffraction profile obeys the bound (|1.7p and let (/n)nGN 
be a maximizing sequence for the constraint maximization problem ()4.2p . Then there 
exists a sequence (^n)neN o-n-d, for each < e < \/A; there exists R^, which is inde- 
pendent of n, such that 

limsup E \fn{^)\^<^^- (4.16) 

\x-^„\>Re 
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Proof. Given < e < \/A as in the Lemma, we will show that there are corresponding 
intervals In,e = {cn,£, • • • , dn,e} which are nested, 

In,e C In,e' for all < e' < E, (4.17) 

have bounded length, 

SUp{dn,e - Cn,s) < OO, (4.18) 

neN 

and contain most of the norm of /„, 

limsup V |/n(x)P (4.19) 

n— >oo 

Given (j4.17p . (|4.18p . and (|4.19p . ^„ and can be constructed as follows: Fix some 
< eo < V^- For each n G N define by simply choosing some point from the set 
In,eo and define Re by 

Re := SUp(d„_e - Cn^e) 

neN 

for e < Eo and Re = Reo for eq < e < \/A. The bound (|4.18p guarantees that Re is 
finite for all < e < \/A. Since the intervals In,e a-re nested in e, the point ^„ G /^^^ for 
any < e < eo- In particular, I„^e C {x : |x— < Re} for all < e < eo by definition 
of Re- Moreover, again since the sets In,e are nested, In,e C In,eo '■ \^~Cn\ < Re} 
for all Eq < E < \/A, too. 

Putting everything together, (14.19P shows that with this choice of and Re the 
bound (f4T6]) holds. Thus it is enough to prove (f4T7l) . ([4T8]) . and (f4T^ : Let 

^2 

a„,e := min (z G Z : ^ |/n(x)P > y) 

2 (4-20) 

V. := max (z G Z : ^ \fn{x)\^ > y). 

a::>z 

Both exist and are finite, since /„ G /^(Z). Put c„^e = min(a„^£, 5„^£) — 1 and dn,e = 
max(on,£, ^n.s) + 1- With this choice (j4.17p and (j4.19p certainly hold and we only 
have to check (I4.18p . which is where Lemma 14.41 enters. 

Either a^^e > bn,e, in which case dn,e — Cne < 2, or Lemma I4l4l applies and gives 
the bound 

-2 r<\\ 4 ,, 

n\\2 



1^ C\\U\\ 

(«£- c„,, - 1)1/2 _ i) 



Ply - (P, - ^{U)) < -y^ (4.21 



where we rearranged (|4.7p a bit and used the scaling PiU/nllt = PiA^ = Pa- Since 
fn is a maximizing sequence for (14. 2p we have lim„_^oo vifn) = Pa- Thus taking the 
limit n ^ OO in (j4.2ip gives 
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or 

limsup(d„,e - C„,e) < „ ^ +1 + 1 < oo. 
which proves (j4.18p and hence the Lemma. ■ 
A simple reformulation of Lemma 14.51 is 

Corollary 4.6. Assume that the diffraction profile obeys the hound (II. 7p and let 

A > 0. Then, given any maximizing sequence {fn)n of the variational problem (j4.2p . 
there exists a sequence of translations ^„ such that the translated sequence fn,^„ with 
fn,i„{x) := fnix - ^n) is tight, that is, 

hm hmsup ^ |/„,5„(x)|2 = 0. (4.22) 

i^oo n^oo 

Moreover, this shifted sequence is still a maximizing sequence for the variational prob- 
lem (lOD. 



Proof. By Lemma 14.51 the sequence fn,^„ is certainly tight. On the other hand it is 
also a maximizing sequence for 14.21 since the time evolution Tj = e^^i^)^ commutes 
with translation, Ttfn,^„{x) = Ttfn{x — in) for all x, and hence 

V'(/n,Cn) ~ Q(.fn,^„: fn,^ni fn.^n^ fn,(n) = Q{fmfmfmfn) = '^{fn) 

for ah n G N. ■ 

Theorem 4.7 (= Theorem II. 3p . Let A > and assume that the diffraction profile 
obeys the bound (jl.7p . Then there is an f ^ P{7j) with II/II2 = A such that 

Vif) = Px ■■= sup ip{g). 

9-\\9\\l=>' 

This maximizer f is also a weak solution of the dispersion management equation 

i^f = QifJ,f). 

where uj = P\/\ > is the Lagrange-multiplier. 

Proof. Let A > and {fn)n be a maximizing sequence for (|4.2p with \\fn\\^ = A. 
By Corollary 14. 6| we can, without loss of generality, assume that this maximizing 
sequence is already tight in the sense of equation (I4.22|) . 

Since the unit ball in /^(Z) is weakly compact, there is a subsequence (/n^)jeN of 
(/n)neN which converges weakly to some / G ^^(Z). From Lemma l4. II we know that 
fn^ converges even strongly to / in /^(Z). Thus II/II2 = A and hence / is a good 
candidate for the maximizer. To conclude that / is a maximizer for the variational 
problem, we need to show that ^{f) = P\. Since ||/||2 = A one certainly has 

^{f) <Px= lim (^(/„), 

n— >oo 

SO one only needs upper semi-continuity of if at /, i.e., 

limsup<^(/„,) <(^(/). (4.23) 
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By Lemma 14.81 below, the map / i-^ is even continuous on in particu- 

lar, (|4.23p is true which finished the proof that the variational problem (j4.2p has a 
maximizer. 

The proof that the above maximizer is a weak solution of the associated Euler- 
Lagrange equation (jl.lip is standard in the calculous of variations, we sketch it for 
the convenience of the reader: Lemma 14.91 below shows that the derivative of the 
functional at any / G l^(Z) is given by the linear map Dip{f)[h] = 4ReQ(/i, /, /, /). 
Similarly, one can check that the derivative of ip{f) = ll/lli ~ (/' /) is given by 
Dilj{f)[h] = 2Ke{h, /). Note that although, in our convention for the inner product, 
the map h {h, f) is anti-linear, the map h ^ Re(/i, /) is linear. Similarly, one 
easily checks that for fixed / the map h i— > ReQ(/i, /, /, /) is linear. 

Now let / be any maximizer of the constraint variational problem ()4.2p and h G 
/^(Z) arbitrary. Define, for any (s,t) G M^, 

F{s,t) :=^(f + sf + th), 
G{s,t) ■.= ^{f + sf + th). 



Note that 

VF(s,t) 

and 



D^{f + sf + th)[f] 
D^{f + sf + th)[h] 

ReQ(/, f + sf + thj + .sf + th,f + sf + th) 
ReQ(/i, f + sf + th,f + sf + thj + sf + th) 



^r(. ,\-( ^^(^ + + *^)[-^] ^ - 9 ^ f + sf + th) 

^ ' ^" V Dij{f + sf + th)[h] J Re{hJ + sf + th) 

Since (/,/) = A/0, 

is not the zero vector in M? and since VG{s,t) depends multi-linearly, in particular 
continuously, on (s,t), the implicit function theorem [3^ shows that there exists an 
open interval / C M containing and a differentiable function on / with (p{0) = 
such that 

X=\\f\\l = G{0,0) = Gm),t) 

for all t £ I. Consider the function I 3 t ^ F{(f){t),t). Since / is a maximizer for 
the constraint variational problem ()4.2p . F{(j){t),t) has a local maximum at t = 0. 
Hence, using the chain rule, 

dt t=o 

Since A = G{(j){t),t), the chain rule also yields 

dGi<Pit),t) 



VF(0,0)- "^'["^ ) =4Q(/,/,/,/y(0)+4ReQ(^ /,/,/) 







dt 



t=o 



VG(0,0) • ( ^'^^^ ) = 2(/,/)0'(O) + 2Re(/i,/). 
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Solving this for (f)'{0) and plugging it back into the expression for the derivative of F, 
we see that 

In other words, with uj := Q{f,f,f,f)/{f,f) = Px/^y > and / any maximizer of 
(ji?2]) . we have 

Re{Lo{h,f)) = ReQ{hJ,f,f) (4.24) 
for any h G /^(Z). Replacing h by ih in ()4.24p . one gets 

lm{uj{h,f)) = lmQ{hJ,f,f) (4.25) 
for all h G and (|i:25]) together show 

co{h,f) = Q{hJ,f,f) 
for any h G /^(Z), that is, / is a weak solution of the diffraction management equation 

dm]). I 

In the proof of Theorem 14.71 we needed the following two Lemmata. 

Lemma 4.8. The map f i-^ ^if) = Qif, f, f, f) is locally Lipshitz continuous on 
/2(Z). 

Proof. Given /, g, one has 

Qif, /, /, /) - Qig, 9, 9, 9) = C WTtfWt - \\Tt9\\t dt 

Jo 

.1 3 (4.26) 

j=0 

The above together with the triangle inequality, the bound ||/i||4 < \\h\\2 for all 
h G /^(Z), see Lemma |2. 11 and the unicity of Tt on /^(Z) gives 

I Q(/, /,/,/) -2(5,5, 5, 5) I < /Vlirjii^^liirjib-lirislbllirt^lParft 

< ri2\\^^f\\2''\\Ttif-9)h\\Tt9\\idt 

Jo (4.27) 

<Y.\\f\t'\\f-9h\\9\\i 
j=0 







<4max(l,||/||3,||5||3)||/-g| 



2- 



We need one more technical result, about the differentiability of the non-linear 
functional (p. 

Lemma 4.9. The functional (p is continuously differentiahle with derivative Dip[f)[h] ■ 
4ReQ{hJ,f,f) 
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Proof. Using the multi-linearity of Q, one can check that for any f,h^ '^(^) 

^if + h) = ifU) + Qif, f, f, h) + Qif, f, h, f) + Q(/, h, f, f) + Q{h, /, /, /) + Oi\\h\\l) 

= ^if) + 4ReQ(/i, /, /, /) + 0{\\h\\l) (4.28) 

where in the term 0(||/i||2) we gathered expressions of the form Q{h, f, f,h), and 
Q{h, f, f, f + h), and similar, which by Corollary 12.21 are bounded by C||/i||2. This 
shows that is differentiable with derivative D(p{f)[h] = 4ReQ(/i, /, /, /). Moreover, 

D^{f)[h] - D^{g)[h] = 4Re(Q(/i, /,/,/) - Q{h,g,g,g)) 

= 4Re(Q(/i, f-gJJ) + Q{h, gj-gj) + Q{h, g,gj- g)) . 

Hence using the bound from Corollary 12.21 again, we see 

sup |Z)(^(/)[/i]-Z)(^(5)[/i]| <4(||/||i + ||/||2||5||2 + ||5lli)ll/-5ll2 (4.29) 

ll'l||2<l 

which shows that the derivative Dip is even locally Lipshitz continuous. | 
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